This article was downloaded by: [Tomsk State University of Control Systems and Radio]
On: 18 February 2013, At: 10:25

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Molecular Crystals and Liquid Crystals
Science and Technology. Section A.
Molecular Crystals and Liquid Crystals

—— Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gmcl19

Theory of Linear Viscoelasticity for

Single-Phase Nematic Mixtures

A.D.Rey?

% Department of Chemical Engineering, McGill University,
Montreal, Quebec, Canada
Version of record first published: 04 Oct 2006.

To cite this article: A. D. Rey (1996): Theory of Linear Viscoelasticity for Single-Phase Nematic
Mixtures, Molecular Crystals and Liquid Crystals Science and Technology. Section A. Molecular
Crystals and Liquid Crystals, 281:1, 155-170

To link to this article: http://dx.doi.org/10.1080/10587259608042241

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-
conditions

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to date. The
accuracy of any instructions, formulae, and drug doses should be independently
verified with primary sources. The publisher shall not be liable for any loss, actions,
claims, proceedings, demand, or costs or damages whatsoever or howsoever caused
arising directly or indirectly in connection with or arising out of the use of this material.



http://www.tandfonline.com/loi/gmcl19
http://dx.doi.org/10.1080/10587259608042241
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Tomsk State University of Control Systems and Radio] at 10:25 18 February 2013

Mol. Cryst. Lig. Cryst., 1996, Vol. 281, pp. 155-170 © 1996 OPA (Overseas Publishers Association)

Reprints available directly from the publisher Amsterdam B.V. Published in The Netherlands
Photocopying permitted by license only under license by Gordon and Bl;eicihgcxegc:
ublishers

Printed in Malaysia

Theory of Linear Viscoelasticity for
Single-Phase Nematic Mixtures

A.D. REY
Department of Chemical Engineering, McGill University, Montreal, Quebec Canada

( Received July 12, 1995; Revised August 31, 1995; in final form August 31, 1995)

A macroscopic model for incompressible homogeneous (single phase) binary nematic mixtures under
isothermal conditions is given; the model is restricted to two miscible nematic liquid crystals. The rheological
model is a generalization of the standard Ericksen’s nematorheological model for single component uniaxial
rod-like nematic liquid crystals. The theory is used to characterize the linear viscoelasticity of the nematic
mixture when subjected to small amplitude oscillatory shear. Mixture elasticity is shown to predict a
frequency dependence of the dynamic viscosity (7' and n") essentially identical to those obtained using Frank
elasticity and molecular elasticity. The composition dependence of the storage G’ and loss modulus G” is
found to be nonlinear, and stronger at low frequency than at high frequency.

Keywords: Macroscopic theory, nematic mixtures, linear viscoelasticity, storage and loss
moduli, dynamic viscosity.

1. INTRODUCTION

Improving product and processing properties through alloying and mixing is a com-
monly used route in industrial manufacturing.! Low molecular weight nematics used in
display devices are routinely mixed to reduce the melting temperature, and many comm-
ercial nematic mixtures have the low-melting solid-nematic eutectic composition. Ne-
matic polymers are also mixed and blended with the objective of reducing costs through
viscosity reduction.? These examples highlight the practical need to develop a fundamen-
tal understanding of the rheology and thermodynamics of liquid crystalline mixtures,
and the formulation of mixture rules. Accurate mixture rules® for nematic fluids will be
required to design fluids with specific rheological and flow-alignment behavior.

Viscoelasticity is a fundamental property that affects product performance, as in
electro-optical devices*, and processing performances as in the spinning of mesophase
carbon fibers.® A widely used tool for viscoelastic characterization is the small amplitude
oscillatory shear flow® through the measurements of the dynamic storage modulus (G')
and the dynamic loss modulus (G”), the former indicating the elastic component and the
latter the dissipative component-of the shear modulus; an equivalent set of viscoelastic
material functions is given by the dynamic viscosities ' = G"/w and n" = G'/w.

The elastic modes of single component nematic liquid crystals arise from director
gradients (Franks elasticity) and from departures of the order parameters’ from their
equilibrium values (molecular elasticity). For nematic mixtures a third type of elasticity
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arises from relative rotations of the directors corresponding to the mixture compo-
nents.® For example, a stable uniaxial nematic mixture of two rod-like nematics will
store elastic energy when the angle between the two directors is non-zero. We refer to
this type of elasticity as mixture elasticity.

As other elastic properties of nematics,* the mixture elasticity is a function of
composition, temperature, and single component characteristics such as molecular
weights, and molecular shapes. For synthetic nematic polymers, where polydispersity is
the rule,® mixture elasticity arises naturally from molecular weights distributions.
Although Frank and molecular elastic moduli have been characterized,” more work on
mixture elasticity remains to be done.

Studies® '° of linear viscoelasticity in the presence of Frank elasticity show that at
high and low frequencies single component nematics essentially behave as viscous
fluids, and at intermediate frequencies close to the reciprocal relaxation time the
nematic liquid crystal is viscoelastic. In this case 5’ exhibits the typical low and high
frequency plateaus, while n” exhibits a Lorentzian peaking at a frequency w =1/t
where 1, = K h?/u is the relaxation time, K is a representative Frank elastic constant,
his the sample thickness, and u is a characteristic viscosity. On the other hand studies'!
of viscoelasticity of single component nematics in the presence of molecular elasticity
show essentially the same behavior as with the Frank elasticity, with n” peaking at
a frequency w = 1/t,,, where t,, = L/u is the relaxation time, Lis molecular elastic
modulus (energy/volume) and u is a characteristic viscosity. For nematic polymers and
low molar mass nematics approaching the nematic-isotropic transition temperature
Tp < Ty, and the Lorentzian peak in n” due to Frank elasticity will occur at lower
frequencies than the one due to molecular elasticity. In this paper we wish to
characterize the corresponding viscoelastic behavior arising from mixture elasticity.

The objective of this paper is: (i) to present a macroscopic mechanical theory for
nematic mixtures; (i) to predict the linear viscoelasticity of single-phase uniaxial
nematic mixtures of rod-like mesogens, and (iii) to characterize the composition and
frequency dependence of the nematic viscoelasticity arising from mixture elasticity. We
restrict the main discussion to: (i) uniaxial single-phase homogeneous nematic mixtures
of two miscible uniaxial rod-like nematic liquid crystals, and (ii) homogeneous flows.
We assume that the two nematic fluids are always perfectly miscible (i.e flow does not
induce phase separation).

The paper is organized as follows. Section 2 develops the governing macroscopic
rheological equations for homogeneous binary nematic mixtures and identifies the
main parameters that control the alignment properties of the mixture. Section 3.1
analyses the director dynamics of the binary mixture when subjected to small ampli-
tude rectilinear oscillatory shear. Section 3.2 presents the frequency and composition
dependence of the storage G’ and loss G” dynamic moduli and the frequency depend-
ence of the dynamic viscosity. Section 4 gives the conclusions.

2. MACROSCOPIC DYNAMICS OF HOMOGENEOUS
BINARY NEMATIC MIXTURES

The specification of the average orientation of the rigid mesogens in a homogeneous
binary nematic mixture composed of two uniaxial nematic liquid crystals is given by
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two vectors (n, m), known as the directors, and restricted by
nn=1, mm=1 (1a,b)

where in general m+n # 0. For rod-like nematics the director represents the average
orientation of the molecular unit vectors along the largest molecular dimension. For
binary mixtures of two rod-like nematics we shall assume stable uniaxiality (n-m = 1)in
the absence of flow.

An approximate expression for the excess free energy density F as a function of the
two directors (n, m), due to spatially homogeneous deformations, is given by:®

K
F= E(n'm)2 2

where is k is a temperature dependent phenomenological parameter whose units are
energy/volume. The parameter x is the static coupling coefficient between the two
directors. For rod-rod binary mixtures x < 0, the stable state in the absence of flow is
uniaxial and the two directors are collinear, n = m; in the limit x — — oo the nematic
liquid crystal is always uniaxial, but for finite values of x an externally imposed flow
may induce biaxiality, and Eq. (2) gives the stored elastic energy density due to
flow-induced biaxiality.

The component concentration in a single-phase binary nematic mixture can be
defined in terms of mole fractions (X) or volume fractions (®). The correct concentra-
tion to describe material properties for miscible mixtures will depend on the type of
property.® For mixtures of low-molar mass nematics mole fractions are typically used*
for properties such as viscosity and Frank moduli that depend on the number of
molecular interactions. For single phase polymer mixtures volume fractions are the
appropriate concentration variable. Without loss of generality we use throughout
volume fraction as the concentration unit of each component of the binary mixture and
note that to convert mole fractions X into volume fractions ® we can use:

! =L_&<&_&> )

where the subscript 1(2) refer to component 1 (2), w,(w,) is the total mass of component
1(2), p,(p,) is the mass density of component 1(2), and M, (M,) is the molecular weight
of component 1(2). To simplify the notation we use throughout @, =® and
®, =1 — ®. Below we use the following notation: ®(1 — ®)is the volume fraction of the
nematic component with director n(m).

The presence of mixture elasticity gives rise to the following molecular fields:’

oF
hi=—(6;—m "j)a = —k(nm)[m; — (n°m) n,] (4a)
i
H;= _(5;';'_’"."",‘)%: —Kk(mm)[n;,—(n-m)m] (4b)

i
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The product of temperature with the rate of entropy production density, A, is given
by the following difference between dissipative and storing elastic processes:

A=tD+®h'N+(1 -®)H-M (5)

where t* is the symmetric traceless extra stress tensor. The fluxes are the rate of
symmetric viscous extra stress tensor t* and the products of the mole fractions times the
Jaumann derivatives® of the directors N and M, given by:

N,=ﬁ,.—WUn,;M,-=m,-—W,-jm,;W,j=—(————) (6a,b,c)

where v is the velocity vector, W is the antisymmetric vorticity tensor and the super-
posed dot denotes material differentiation. The constraints n*N=0and m-M =0 arise
due to the unit length constraint on the directors (n'n=1, m-m=1). The forces
appearing in Eq. (5) are the symmetric traceless rate of deformation tensor D and the
two vector molecular fields h and H with the former given by:

_ oy 0Oy
Dy=3 I:ax ; M ax,.] )

Note that in Eq. (5) terms arising from interdiffusion and concentration gradients are
not included because we are considering homogeneous flows. A linear expansion of the
fluxes {t*, ®N, (1 — ®)M} in terms of the forces {D, h, H} gives the following constitutive
equations for the fluxes:

t*=®[2vD + a, nn(nn:D) + o, (nn*D + D-nn)]
+(1-®)[2vD + §, mm(mm:D) + §, (mm*D + D mm)]

+®(1 — )¢ (nn(D:mm) + mm (D:nn) + 2nm (D:nm)

+ 2mn (D:nm)) —@[% (nh + hn) + A;m m-h(nm + mn):l
-(1- d>)|:i;(mH +Hm) + zmn-H(mn + nm)]

ON =0 A"[D+n— (D:nn)n]
+O0(1 -) [A"“(D:nm) - %(n-m)] [m—-(nm)n]
1
(1-PM=(1 —®)A"[D*m — (D:mm) m]

+O(1 - m)[Am (D:nm) — y—’fn(n-m)][n —(@m)m] (8a,b,c)
1
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where p, {«;}, {B;} are viscosities, A* and A" are dimensionless reactive parameters, A™
and A™ are dimensionless reactive parameters arising due to dynamic couplings, and
y1 and y7 are the rotational viscosities for n and m respectively; we shall assume that
these parameters are temperature independent. The ratios y}/|«| and y7/| k| are the two
director relaxation times of the model. For this particular model the viscous stress is
symmetric. We recall that for rod-like nematics the single component reactive par-
ameters are non-negative:’

A"=0, I">0 (9a,b)

The shear alignment properties of single-comnonent rod-like nematics are dictated by
the magnitude of the reactive parameter A, and the following two cases arise:’

Non-Aligning: 0 <4 <1, Aligning: 1> 1 (10a,b)

For binary mixtures the alignment in steady shear (not studied in this paper) will
depend on concentration (®), the four reactive parameters (A", A", A™, A™), and the two
relaxation times (jz|/y], |t|/y]) appearing in Eq. (8b, c).

As is well known,” thermodynamic restrictions do not fix the signs of the four
reactive parameters (4", A™, A™, A™), with the consequence that these degrees of
freedom give rise to a variety of alignment modes and transitions. The dynamical
coupling terms A™ and A™ are analogous to the hydrodynamic interaction terms
considered in polymer dynamics® and they may promote or hinder flow-alignment
during shear. On the other hand the elastic storage mechanism, introduced by k, and
arising from mesogenic interactions between the two nematics always promotes
uniaxiality if x <0. Dotting Eq. (8b) with n yields N-n=0, and dotting (8c) with
m yields M-m= 0, as required. In addition Eqgs. (9) show that N(n) = — N(—n) and
M(m) = —M(—m), as required. By setting ® = 1 in Egs. (8), it is straightforward to
show that the director model properly reduces to the well known viscous TIF model?
applicable to single component low molar mass nematics and containing a single
reactive parameter.

3. LINEAR VISCOELASTICITY OF BINARY NEMATIC MIXTURES

This section presents the predictions of the theory (Egs. (8)) for small amplitude
rectilinear oscillatory shear flow between to parallel plates of single phase uniaxial,
incompressible, binary nematic mixtures under isothermal conditions. We refer the
reader to® for other linear viscoelastic theories for isotropic polymer solutions and
melts.

3.1 Director Dynamics in Small Amplitude Oscillatory Shear

Assume a known incompressible rectilinear small amplitude oscillatory shear flow
given by:

_ Oy

yyx = YO Sin ((l)t), Dyx at

yow cos(wt) (11a,b)
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where y,,, D, are the yx components of the strain (displacement) tensor and deforma-
tion rate tensor, respectively. Here w is the frequency of the sinusoidally oscillating
plate and y, isits small amplitude. In this geometry x is the flow direction, the x—y plane
is the shear plane and z is along the vorticity direction. In the linear regime the two
director fields (m and m) are parametrized without loss of generality as follows:

n=(n,n,n)=(1,6,,0), m=(m,m,m,)=(1,6,,0) (12a,b)
where positive angles are measured anti-clockwise. Linearization around any other

direction is straightforward. Replacing (11) and (12) into the governing Egs. (8) we
obtain the following linearized governing equations for , and 6,:

do x|

1 = n_ —_ — —

v D, [A"—1]+(1-®) . 0,-0) (13a)
do, m |kl
I =D, [4 —1]—4)%(02—91) (13b)

The relaxation times appearing in the coupled director oscillator system are:

p=tl m TL om_ e (1 - @)t t= (l4abicd)
| x| T

where ", ™ are the single component relaxation times for rotations of n and m, t™* is
the concentration dependent mixture relaxation time for the oscillators driven in series
and 7 is the concentration dependent mixture relaxation time for the oscillators driven
in parallel. The most efficient way to analyze coupled oscillators is to find the normal
coordinates of the system, that is to find the coordinates for which the coupled
equations become uncoupled. The two normal coordinates for the coupled director
oscillators are:

(-
T"

()
Yy=0,-05 ¥, =;;01 + 6, (15a,b)

Substituting Eqgs. (15) into Egs. (13) and integrating we find that the normal coordinate
¥, is given by:

yv,=(0,—0,)=A,cos(wt + ¢,) (16a)
A =7 A""‘[ﬁ;%:%:)]; tan ¢, = —w1t (16byc)

where

Py Y (17)
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and the normal coordinate ¥, by:

W2=%91 a (D)() = A, cos(wt + ¢,) (18a)
"OA" — 1)+ (1 — D)™ — 1
Az=}’oT ( ) :"r(”' X ); Q,=—7n/2 (18b,c)

The two modes of the system therefore are:
Biaxial Mode 1:  y, #0;4,=0
Uniaxial Mode 22 ¢, =0; ¢, #0

Mode 1 is a biaxial mode since 8, — 8, # 0, and the two directors n and m are not
collinear. Mode 2 is a uniaxial mode since 8, — 6, =0, and the two directors n and
m are collinear. The characteristics of the two modes are as follows:

(i) Biaxial Mode 1 (¥, # 0; ¢, = 0). The biaxial mode 1 is present when the following
two restrictions hold:

(A -1  "(A"-1)

Ao o (192.0)

= = Am £ 0;

the restrictions arising from the constraints y, 0,3, = 0. Using these two restrictions
in Eqs. (16) we find"the following expressions for the two distinct director angles:

A1 Am—1 Am—
01 (inm )l//l’ 62 ( A"m )wl’ 02=( ,{n )01 (20a,b,c)

Since the relaxation time is positive (7 > 0), the restriction (19b) imposes the following
inequalities on the reactive parameters:

A>Li"<lord"<1,A">1 (21)

which means that the biaxial mode 1 is obtained by mixing flow-aligning (4 > 1) with
non-aligning nematics (0 < A < 1).

(i) Uniaxial Mode 2(y, =0,y , # 0). The uniaxial mode 2 is present when the following
two restrictions hold:

— i am_ o =1, @m0
R I ey v (22a,b)

the restrictions arising from the constraints §; = 0,, # 0. Using these two restrictions
we find the following simplified expressions for the mode’s amplitude and for the single
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director angle:

A—1
A2=y0( . ); A=A"=A" (23a,b)

0, =0, =1y, =7,(A— 1)sin(et) (23¢)

The uniaxial mode 2 is obtained by mixing two nematics of equal reactive parameters.

Figure 1 shows the schematics of the two director’s dynamics in the presence of the
small amplitude oscillatory shear for the biaxial mode 1 (Fig. 1a) and for the uniaxial
mode 2 (Fig. 1b); the bottom arrow indicates the direction of increasing time. Figure 1a
shows that the biaxial mode has the following four representative cases: (a) two single
oscillator modes either when A" > 1, A= 1, or when A™ > 1, A" = 1. In the former case
m is fixed and n oscillates, while in the latter case n is fixed and m oscillates; (b) two
anti-phase coupled oscillator modes either when A" > 1, A" =1,or when A" > 1, " < 1;
these modes are designated by (+ —) and (— +), respectively. In the former case the
amplitude of n is larger than that of m, and in the latter the amplitude inequality is
reversed. From Egs. (20, 21) it follows that:

 sign(8,) = —sign(6,) (24)

and therefore the biaxial mode is an anti-phase mode. Figure 1b shows the in-phase
oscillations of n and m in mode 1 that occur whenever A"= 1",

Figure 2 shows a 2-D projection of the parameter space indicating the parametric
regions for the two modes as a function of A" and A™. The figure shows that the uniaxial
mode 2 (dashed line) may occur with aligning or non-aligning nematics. As mentioned
above, the biaxial mode 1 may occur when mixing aligning with non-aligning materials.

Figure 3 shows the scaled director orientation 8, = 8,/y, as a function of the scaled
director orientation 8, = 8, /y,, for Y, (A" = 1, A" = 2) and ¥/, (A" = A™). The horizontal
and vertical full lines correspond to the single oscillator mode (A"=1 or A" =1). The
arrows show the oscillatory director motion due to imposed strain oscillations.

The frequency dependence of the amplitudes (4, 4,) and phases (¢,, ¢,) of the two
normal coordinates are found from Egs. (16, 19). For y, we find:

lim,_,0,=0 lim,_ ¢,=—n/2 (25a,b)

lim,, A, =0; lim,_ A, =7,A™ (25¢,d)

For large frequencies y, becomes in-phase with the imposed strain oscillations with an
amplitude that scales with A™. On the other hand the amplitude 4, and phase ¢, of Y,
are independent of frequency. Figure 4 shows the scaled amplitudes and phases of
mode 1 (full line) and mode 2 (dashed line); the amplitudes are scaled as follows:
A, /(7oA™), and A,/(y,A"). The figure shows that only at some intermediate frequencies
an out-phase (with respect to strain) component with considerable amplitude is found.

Figure 5 shows the scaled amplitude of the out-of-phase (full line) and in-phase
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Blaxial Normal Mode ¥,

Single Oscillators

A", 3=1
a
m
n,m m n,m \
A=, A">1 .
m

o,m

_/

Antl-Phase Coupled Osclllators

',>1. A" <l (+-)

1<l),>l -

——:<—*<_

INCREASING TIME

Uniaxial Normal Mode ¥,

A= 2"

— 7 = .-

INCREASING TIME

FIGURE 1 Schematics of the two director’s (n and m) dynamics in the presence of small amplitude
rectilinear oscillatory shear, for the biaxial mode 1 (Fig. 1a) and for the uniaxial normal mode 2 (Fig. 1b); the
bottom arrow indicates the direction of increasing time. The biaxial mode has: (a) two single oscillator modes
("> 1, 2" =10r A" > 1, A" = 1); (b) two antiphase coupled oscillator modes (A" > 1, A" < lor A" > 1, A" < 1).

(dashed-dot line) components of mode 1 as a function of the scaled frequency wz, where

the amplitudes are scaled with y,4"™. We recall that the reference phase is that of strain

oscillations. (see Eq. (11a)). The in-phase component plateaus at high frequency
=1/1.
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Unisxial Mode
. 'y Single Osclilator n-Phase

Biaxial Mode ,o

Anti-Phase + - P
1 d Single Osciliator

L Biaxial Mode

4 Anti-Phase - «

it , >

FIGURE2 2-D projection of the parameter space indicating the parametric regions for the biaxial and
uniaxial modes as a function of A" and A™. The figure shows that the uniaxial mode 2 (dashed line) may occur
with aligning or non-aligning nematics. On the other hand the biaxial mode 1 may occur when mixing
aligning with non-aligning materials.

1.0

- 2N | N .

-1 05 _ 0 0.5 1
0, (Radians)
FIGURE3 Scaled director orientation 8,=8,/y, as a function of the scaled director orientation
0, =0,/y, for yr (A"=1, A" =2) and y, ("= A™). The horizontal and vertical full lines correspond to the

single oscillator modes (4" = 1 or A™ = 1). The arrows show the oscillatory director motion due to the imposed
strain oscillations.

The concentration dependence of the modes follow directly from Egs. (19). For a given
pair of nematics (4" and A™), the biaxial mode 1 is found only at a volume fraction of

— (A" —1)

(D=‘r"(l"— D+ (A" —1)

(26)

On the other hand, according ot Egs. (22, 23), the uniaxial mode 2 is concentration
independent.
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FIGURE4 Scaled amplitudes and phases of mode 1 (full line) and mode 2 (dashed line); the amplitudes are
scaled as follows: A,/(y,4™™), and A4, /(y,A"). The figure shows that only at some intermediate frequencies an
out-phase (with the strain) component with considerable amplitude is found.

Finally, the director’s oscillatory properties of arbitrary mixtures subjected to small
amplitude oscillatory mixtures can be found using the following linear combinations of
the normal coordinates:

9,=(1 —<I>);T;¢1 1y, (27a)
0= — Oy + 10, @7)

were the unrestricted normal coordinate values for ¢, and ¢, are used (see Egs. (16,
18)). For example, for the infinitely dilute solution ® — 0, we find that:

6 Anm Amm .
y_; = [T{T);z] cos wt + l:(l" -1~ m] sinwt (28a)

0 _

(A" —1)sinwrt (28b)
Yo
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FIGURES Scaled amplitude of the out-of-phase (full line) and in-phase (dashed—dot line) components of
mode 1 as a function of the scaled frequency wr, where the amplitudes are scaled with y,4™. We recall that
the reference phase is that of the strain oscillations. (Eq. (11a)). The in-phase component plateaus at high
frequency. The out-of-phase component peaks at the resonance frequency w= 1/t.

Thus at small frequencies the dilute mixture is uniaxial and in-phase with the strain, but
at large frequencies it is biaxial and out-of-phase with the strain.

3.2 Linear Viscoelastic Materlal Functions for Binary Nematic Mixtures

This section presents and analyzes the dynamic storage G" and loss G” moduli, and the
real n’ and an imaginary n” components of the dynamic viscosity of a binary nematic
mixture subjected to rectilinear small amplitude oscillatory shear. The frequency and
concentration dependence of the dynamic moduli is also analyzed. It should be
mentioned that these material functions can be expected to be useful in : (i) finding the
mixture time constant, (ii) characterizing the difference between reactive parameters
A" — A™, (iii) characterizing the molecular weights of the mixture, (iv) determining the
relative importance of Frank, molecular, and mixture elasticities, and (v) characterizing
polydispersity in polymer nematics.

Substituting Eqgs. (11) into Eq. (8a) the yx component of the extra stress tensor is
given by:

ty= @10, +(1— @) + B — D)t (29a)

K '{nm
Bo=QutaDy Go=QutBaDy fo= S0y, ob)

where £, ¢} are contributions to the viscous stresses from the two nematic compo-

nents, and where ¢;_ is the elastic stress arising from flow-induced biaxiality. Note that

only the normal coordinate i, contributes to the elastic stress. The mechanical model
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corresponding to Eq. (29) is a viscous dashpot in parallel with a Maxwell element.
The viscous dashpot represents the viscous dissipation due to positional motion.
The spring in the Maxwell element represents the mixture elasticity, while the dashpots
elements represent the dissipation of n and m. A similar separation into viscous
and elastic stresses occurs when considering viscoelasticity with Frank elasticity,®-°
and with molecular elasticity.!' The elastic stress obeys the following differential
equation:

dre
tﬁx"'f—df{:d’(l —d))lxl(/l’"")zrDyx (30)

Assuming that the harmonic oscillatory strain (y,, = y, €) produces a harmonic stress
response (t;, = t§e"), and using the standard definition® for the complex modulus
G(t;, = Gv,,=(G'+iG")y,,) we find the following expressions for the storage G’ and
loss modulus G” of the binary nematic mixture:

k(A" (w1)?

G == o

(31a)

[k|(A"™? w1

C'=02uta]o+ (1 -O)L2p+hylo+ Ol - O s

(31b)

The mixture elasticity contributes to both G’ and G”, and the purely viscous component
appears only in G” (the first two terms in Eq. (31b)). We recall that the expressions for
the real n' and imaginary #” components of the complex viscosity # are given by:
n' = G"/w and " = G'/w. Scaling with | k|, the real ' and imaginary 57" components of
the dynamic viscosity are given by:

_ [7(0) — #(c0)]

' =#(c0) + T+ (@)’ (32a)
_, _[1(0) —f(0)]wr
m= 1 +(wT)? (32b)
where
7(0) = B(1 — D)2 4 @2EFH) L gy 2r+Ed) (32¢)
|k|T |k|T
ﬁ(oo)=d>(2—”+;!2)+(l _Q)M (32d)

x|z lelt
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The phase angle ¢ of the elastic storage is given by

S

tan ¢ =%= wt (33)

Multiplying Egs. (32a,b) by w1 yields the following scaled dynamic storage G’ and loss
G” moduli:

~ _ n [7(0) — 7(0)] (wT)?
1+ (w1)?

[7(0) —7j(c0)] wt
1 +(w7)?

(34a)

G" =i’ ot =f(0)wT + (34b)

Figure 6 shows the scaled moduli (G', G”) and scaled dynamic viscosity (i7, 7")
components as a function of the scaled frequency wr for the following parametric

10?

10 10? 10° 10?
Scaled Frequency, @t

FIGURE 6 Scaled moduli (G', G") and scaled dynamic viscosity (7', ) components as a function of the
scaled frequency wr, for the following parametric conditions: 7(0) — fj(oc) = 1, fj(c0) = 1. See text.
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conditions: 7(0) — 7(c0)= 1, fj(c0) = 1. The upper figure shows that the scaled storage
modulus G’ plateaus at large scaled frequencies, while the scaled loss modulus G” is due
to the purely.viscous contribution (the first two terms in Eq. (32b)). The plateau of G’ at
large frequencies is due to the saturation of the mixture elasticity with increasing
frequency (see Fig. 4). The bottom figure shows that the real component of the dynamic
viscosity 77’ exhibits the typical® low and high frequency plateaus, while the imaginary
part peaks at wt = 1. The shape of 77" shows that the nematic mixture is viscous at low
and high scaled frequencies, and that it is viscoelastic at intermediate scaled frequen-
cies. The phase angle (Eq. (33)) has a maximum at wt = 1, indicating the frequency at
which elastic storage is most pronounced. Since 7 is a function of @ the viscoelastic
behavior for a given set of single components can be tuned by varying the composition.
The frequency dependence of the dynamic modulus and the dynamic viscosity reported
here is essentially identical to those computed for single component nematic using
Frank elasticity® and molecular elasticity' ! models. We would thus expect the presence
of three characteristic frequencies as dictated by the magnitudes of the three types of
orientation relaxations.
The limiting frequency dependence of G’ and G” can be obtained from Egs. (31). The
frequency scaling of the moduli is:
lim,_,G' ~w? lim,_ _ G’ ~constant (35a)

w—0 w—

lim,_,G"~o; lim,_  G'=w (35b)

The limiting concentration dependence can also be obtained from Egs. (31). At
infinitesimal frequencies the concentration scaling of the moduli is:

(1 -
G/1~ ( )

. " (1 -9)
~[r"(l>+r"'(l—(l>)]2’ G"~c® +

lim lim_, 70+ (1 —0)] (36a,b)

w—0

where c is a concentration independent factor. For a mixture of a low molar mass (1)
nematic with a nematic polymer (z™ > t") we find:

. , D .
lim,_,G zm; lim,_,

G~ (37)

which shows that G’ may have a very sensitive concentration dependence in compari-

son to G". At infinitely large frequencies the concentration scaling of the moduli is:
lim

G =d(1 —d); lim G ~cd (38a,b)

W= 0 0 — 0

where c is a concentration independent factor.

4. CONCLUSIONS

A macroscopic continuum mechanical model for incompressible homogeneous binary
nematic mixtures under isothermal conditions has been presented. The model is an
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extension of Ericksen’s Transversely Isotropic Theory.!? The nematic mixture model
accounts for the elasticity of the mixture that is assumed to be uniaxial in the absence of
flow. The model equations for small amplitude oscillatory rectilinear shear predict the
presence of two modes when the director is assumed to lie in the shear plane. A biaxial
mode that contribute to the elastic stress is out-of-phase with the imposed oscillatory
strain. A uniaxial mode that does not contribute to the elastic stress is in-phase with the
strain. The linear viscoelasticity is pronounced at intermediate frequencies while at low
and high frequencies the nematic mixture behaves as a viscous fluid in agreement with
previous results using Frank elasticity® and molecular elasticity.!' The composition
dependence of the dynamic moduli is stronger at low frequency than at high frequency.
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